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Which Is Larger: a b or £ fl ? 

In the preceding section, it was established that the total 
length of our "polygonal spiral" was e 17 = 23.1407. Now, we are 
no longer interested in the previous topics such as complex 
numbers and vector diagrams. We are interested only in the 
quantity e n = 23.1407. Suppose we switch the positions of tt and 
e and then compute rr e . Recall that tt = 3.14159 and e = 2.71828 
With our hand calculator we determine that ir e = 22.4591, which 
is a bit less than = 23.1407. Interesting, but so what? 

Well, let's generalize. Suppose that a and b are positive 
numbers, not necessarily integers, and that a is larger than b. We 
ask the question: which is the larger quantity, a h or b\ that is, a 
to the ton power or b to the aih power? Incidentally, this 
problem was suggested by two somewhat similar problems that 
appear in Dome (1965) and Dunn (1980). 

To start with, here are three numerical examples: 

1. If a = 3 and b = 2, then a b = 3 2 = 9 and b a = 2 3 = 8. In this 
case, a b > b a . 

2. If a = 4 and b = 2, then a b = 4 2 = 16 and b a = 2 4 = 16. In this 
case, a b = b". 

3. If a = 5 and b = 2, then a b = 5 2 = 25 and b a = 2 5 = 32. In this 
case, a b < b". 

We note that modest changes in the magnitude of a, with the 
value of b held constant in these three examples, entirely alter 
the relative magnitudes of a b and b a . This seems strange. 

It will be very helpful in our analysis if we know when the two 
quantities, a b and b a , are equal. That is, 



ANOTHER LOOK AT FAMOUS NUMBERS 



Unfortunately, it is impossible to obtain a solution to this equa- 
tion in a form that expresses a in terms of b or vice versa 
Consequently, we must settle for a parametric solution. Taking 
the logarithms of both sides of equation (8.6) gives 

blog e a=a\og e b. (g?) 

We m I = k \ ^ here k iS 3 nUmber ,ar ^ er than ™e (since 
a > b); k m called the parameter. Substituting this relationship 
into equation (8.7) and carrying out some algebra, we obtain the 
expressions 

a -****-»; h -*»/»-">;*>!. (8 8) 

Assigning various numerical values to the parameter k in these 
expresses gives the magnitudes of a and b that satisfy equation 

An interesting question is, what are the values of a and b 
when k approaches one? We note that the relationships of 
equation (8.8) are indeterminate for k = 1. Never mind In these 
^expressions, we make the substitution n = \/(k- 1). This 
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It is clear that if k = I then n = «. Utilizing equation (7.5) it is 
easily estabhshed that in this limiting (* = 1) case we have the 
values a = e and b = e. 

The results of our analysis are displayed in figure 8.3. For your 
information, table 8.1 lists some coordinates for the curve a» . h' 
shown in the figure. Two interesting observations: (1) The values 
% o - l are the only integers for which a k = b" (2) The 
values a - e, b = e, as the end point (k = 1) coordinates on the 
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The mam feature of the display of figure 8.3 is the identifica- 
«on of region I m which «» > b" and region II where a" < b° 
You might want to confirm these results by computation with 
some selected values for a and b, including a = » and b = e 
Also you will undoubtedly want to show that the slope of the 
a =b curve at the point (e, e) is (da/db) = -1 j e it is 
perpendicular to the line a = b. 



